The Enskog equation in the hydrodynamie limit is investigated. If the Knudsen number e and the scale of diameter a of the hard sphere particles are of the same order, the resulting system of hydrodynamie equations (the Enskog-Euler system) is different from that for the Boltzmann equation. The existence and uniqueness theorem, in this case for the Enskog equation, is proven on the time interval independent of the small parameters. As £ 1 0, the solution of the Enskog equation tends to the Maxwellian whose fluid-dynamic parameters solve the Enskog-Euler system. As a by-product -the existence theorem for the Enskog-Euler system is obtained.
§ 1. Introduction
In the Boltzmann equation, which is a model of kinetic theory, the overall dimensions of the particles are neglected (cf. [8] and [5] ). In the case of dense gases, however, one should replace this mass-point model by a model which can take into account the overall dimensions of particles.
One such attempt leads to the Enskog equation -a quite successful model of kinetic theory of moderately dense gases (cf. [8, 4] and [1, 2, 7] ), in which each particle is assumed to be a hard sphere with a nonzero diameter.
The Enskog equation, in the dimensionless form (see [10] ), reads D/=j£. ffl (/;/,/), (1.1)
t, x and v are, respectively, the time, the position, and the velocity variables ; f=f(t, x, v) is the one-particle distribution function ; e is the Knudsen number ; a is the scale of diameter of the hard sphere ; E B , a is the Enskog collision operator £*,«(/; /,/) (t, The standard notation is used -a particle with the center at x and the velocity v collides with a particle with the center at iL-an and the velocity w ;
w' and w' are functions of v and w as well as on n €= g according to v'=v+ (m° (w-v))m, w f =w-(m° (w-V))HL
The collision kernel corresponds to the hard sphere model ; a\ V a 2 means the maximum of the two numbers a\ and a 2 (whereas a\ Aa 2 = min(ai, #2)).
£ , G represents the pair correlation function. The different ways in which one models the pair correlation function give rise to the different kinetic Enskog equations found in the literature (see [4] ) .
The present paper considers only the simplified case of ^/ s ,a = 1, in the literature referred to as the Boltzmann-Enskog equation. However, the analysis is also valid for a general case, under a suitable assumption about the behaviour of the factor ®/ £ , a (cf . [10] ) .
The mathematical theory for the Enskog equation can be found in [1, 2, 4, 7] (see also references therein) .
It is very well-known (cf. [8, 10] ) that the hydrodynamic limit of the Enskog equation (1.1) in the regime a~e i 0 should be different from that in the regime a <C£ 1 0 (e.g. for a~~£ q with #>1). In the latter case the Enskog equation results in the classical system for compressible fluid (see [10] ), exactly like the Boltzmann equation, whereas in the former, "Enskog terms" appear in the resulting hydrodynamic equations.
The present paper is a first step towards a rigorous description of the hydrodynamic limit when the Enskog effects are not negligible.
Introduce a new dimensionless parameter 5>0 such that a = bs.
In this paper the parameter b is assumed to be fixed in the (hydrodynamic) limit £ I 0, but not greater than some critical constant (independent of e) -cf. (3.26a). Such a smallness assumption admits of a clear physical interpretation. The Paper is organized in the following way. In § 2 the formal expansion procedure is described, and the (Enskog-Euler) system of hydrodynamic equations is defined. § 3 presents mathematical preliminaries and establishes the existence and uniqueness of classical solutions (for initial data close to a global equlibrium) for the Enskog equation, on the time interval [0, to] , where to does not depend on e (i.e. the time interval has a "macroscopic" character) . In § 4 the main convergence result is stated and proved -the solutions of the Enskog equation tend to the Maxwellian whose fluid-dynamic parameters solve the Enskog-Euler system of hydrodynamic equations. As a by-product, the existence (however without uniqueness) of a classical solution for the EnskogEuler system is obtained. The present result is the first (according to the author's knowledge) existence result for it (cf. Remark 4.1).
Throughout the paper, the small letter c is reserved for a positive constant, independent of all the relevant variables and parameters. Appearing of the letter c, with or without subscripts, in a formula, is understood that the formula is valid for some constant c>0. § 2 B Formal Expansion Procedure Consider the following singularly perturbed problem for the BoltzmannEnskog equation 0/=/e (/,/), (2. la) where £>0 is a small parameter ;
and the scale of the diameter a is related to the parameter b by (1.2). The parameter b is assumed to be a fixed positive number. According to the theory of perturbed problems, the behaviour of the solutions of Problem (2.1), in the hydrodynamic limit e I 0, can be studied by comparing a solution of (2.1) with a solution of the corresponding degenerate problem, which is obtained by formally putting in (2. la) the small parameter £ equal to 0. This leads to 0, (2 Assume that p, m, T are known, smooth, and that p together with T are positive. For fixed t and x consider the space L^ {M} equipped with the norm In the Hilbert procedure, although Problem (2.1) is singularly perturbed in the limit £ I 0, the solution is searched in the regular form
This leads to the following set of equations
for some parameters p, u, T. Hence, System (2 . 7) assumes the form (cf. [8] )
System (2.9) is referred to, in the present paper, as the Enskog-Euier system. Note that if one set b -0 it becomes the classical system of Euler equations for compressible fluid.
The justification of the Hilbert procedure for the Enskog equation, in the case of b-const as £ i 0, still remains an open problem. In fact, the convergence rate which can be found by the methods of the present paper (as well as those of [14] for the Boltzmann equation) is not sufficiently strong for such a justification. On the other hand, the justification was proved for b = 0(s 9 } (<?>^o, for some #o>l)-see [10] . The existence and uniqueness of solutions as well as the convergence for £ 1 0 is proved by applying the concept of Ukai and Asano [14] .
Throughout the paper a) is a global Maxwellian, i.e.
for some constants The initial datum is assumed in the form
where G is independent of £, and the solution to (2.1) is looked for in the form 
where / B ' denotes the semigroup (see [6] and [13, 14] ) generated by the linear operator
In the present paper, Problem (3.3) is considered for £> 0, x £ ffi 3 and v^M 3 . However, the proofs are applicable to the case f>0, x^T 3 and v^Ig 3 , where T 3 is the three-dimensional torus (this case corresponds to the rectangular domain with the specular reflection boundary condition) , with the modifications given in [15] and [13] .
The operator L can be split into "regular" and "singular" parts (
The Banach spaces used in [14] (see also [13] The operator U e can be decomposed " t,k). where 
The operator FO satisfies ( [5, 9] ) 
The same estimation (with respect to the v-variable), as that for the operator K defined in (3.4a) -cf. [9] , works for the linear operator Q s . Therefore, by Lemma 3 . 1 (i) (with 5=1), one obtains
Thus, by (3.5) and Lemma 3.1 (iv) (with $ = 0), (ii) follows. Then (i) is standard. SH By (3.14) and (3.15), Problem (3.3) can be rewritten in the form 
g (t) =e' B 'G+-%sQ e g(t) +-^F 0 (g, g) (t) +-% s A s (g, g) (t).
Combining these lemmas, one concludes, that !J? g maps W into itself and therefore 3l e is a contraction in W fl S 0 (provided Conditions (3.25-27) where the notation of Section 2 has been used. Passing to the limit s i 0, one obtains Remark 4.1. Theorem 4.1 delivers an existence result for the Enskog-Euler system (2.9). For the Euler system (i.e. for 5 = 0), which is a symmetric hyperbolic system provided that p> 0, the (local) existence and uniqueness theorem is available for the Cauchy problem with analytical initial data (p, u, T) \ t ,o such that pU>0.
(4.17)
This assumption was essential in the proof by Nishida [12] of the convergence of solution of the Boltzmann equation to the Maxwellian, which fluid-dynamic parameters solve the Euler system. This type of assumption was also essential in the methods reviewed in the lecture [10] . On the other hand, Assumption (4.17) was removed in methods by Ukai and Asano [14] . Certainly it is necessary neither in this paper. The existence result, which follows from Theorem 4.1, seems to be the first for the Enskog-Euler system. Theorem 4.1 hold with 5=0. On the other hand the structure of the initial layer can be studied as in paper [3] .
Remark 4.3. The reasoning of this paper applies to both cases given in Remarks 2.1 and 2.2, when b~c. On the other hand, it breaks down for the symmetrized equation, when it results in the Navier-Stokes~type system at the 0-th order approximation (i.e. for b~c<fe, c.f. Remark 2.2).
